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In this note, we prove that if F = {f v : I −→ I, v ∈ V } is a suitable iteration group
on an open interval I and a function g : I −→ I is continuous at least at one point and
commuteswith twomappings f a, f b ∈ F such that ba is irrational, then g ∈ F . If,moreover,
f a < id < f b, then the commutativity of g with f a and f b can be replaced by the inequalities
g ◦ f a ≤ f a ◦ g and g ◦ f b ≤ f b ◦ g . As an application of the obtained results, we give a
contribution to Schwaiger’s problem concerning iteration groups which are commuting in
pairs.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let I be an open interval and V be an at least two-dimensional subspace of the vector space (R,Q,+, ·). Recall that a
family of homeomorphisms {f v : I −→ I, v ∈ V } such that for all v1, v2 ∈ V ,
f v1 ◦ f v2 = f v1+v2
is called an iteration group. An iteration group {f t : I −→ I, t ∈ R} is said to be continuous (respectively,measurable) if for
every x ∈ I the mapping t −→ f t(x) is continuous (respectively, measurable).
Matkowski (see [1]) proved that if a function g : I −→ I is continuous at least at one point and commutes with two
mappings f a, f b belonging to a measurable iteration group F = {f t : I −→ I, t ∈ R} such that f 1 has no fixed point (every
iteration group of such type is in fact continuous) and ba is irrational, then g ∈ F . In [2], he also showed that if, moreover,
a < 0 < b, then the commutativity of g with f a and f b can be replaced by the inequalities
g ◦ f a ≤ f a ◦ g, g ◦ f b ≤ f b ◦ g. (1)
The aim of this note is to show that the same assertion holds under other assumptions on the iteration groupF . Applying
the obtained results, we give a contribution to a problem posed by Jens Schwaiger and corresponding to some outcomes of
L. Reich who considered iteration groups in the ring of formal power series in one indeterminate over C (see [3] and also
the references given there for some related problems).
To finish this introductory section let us finally mention that the case of iteration groups on a simply connected region
of the space Rn was discussed by Krassowska (see [4]), whereas the case of the unit circle was considered by the author
(see [5]).
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2. Preliminaries
Let us recall that a non-trivial iteration group F = {f v : I −→ I, v ∈ V } is called disjoint if every element of it is either
the identity mapping or has no fixed point (see [6–8]), whereas it is said to be strictly disjoint if the fact that f v ∈ F has a
fixed point implies v = 0 (see [8]), and effective if for any v1, v2 ∈ V , f v1 = f v2 yields v1 = v2 (see [7]).
Since (see [9]) for every measurable iteration group {f t : I −→ I, t ∈ R} such that f 1 has no fixed point there exists a
homeomorphism ϕ : I −→ Rwith
f t(x) = ϕ−1(ϕ(x)+ t), x ∈ I, t ∈ R,
we have the following.
Remark 1. Every measurable iteration group {f t : I −→ I, t ∈ R} such that f 1 has no fixed point is strictly disjoint.
It is obvious that the following facts are also true.
Remark 2. Every strictly disjoint iteration group is disjoint.
Lemma 1. If F = {f v : I −→ I, v ∈ V } is a strictly disjoint iteration group, then F is effective.
From Remark 2 and Lemma 1 we immediately obtain the following corollary.
Corollary 1. A non-trivial iteration group F = {f v : I −→ I, v ∈ V } is strictly disjoint if and only if F is disjoint and effective.
Let us next recall (see [10]) that two functions f , g : I −→ I are said to be iteratively incommensurable if for any x ∈ I
and n,m ∈ Z such that |n| + |m| ≠ 0, we have f n(x) ≠ gm(x).
Lemma 2 (See Theorem 1 in [10]). If f , g : I −→ I are iteratively incommensurable continuous bijections such that f ◦g = g ◦ f ,
then the set L of limit points of the set {(f n ◦ gm)(x), n,m ∈ Z} does not depend on x ∈ I . Moreover, either L = clI or L is a
perfect and nowhere dense set.
One can also prove the following.
Lemma 3. If {f v : I −→ I, v ∈ V } is a strictly disjoint iteration group, then for any linearly independent v1, v2 ∈ V the
mappings f v1 and f v2 are iteratively incommensurable.
From Lemma 3 in [11] and Lemmas 2 and 3 it follows that if F = {f v : I −→ I, v ∈ V } is a strictly disjoint iteration
group, then the set LF of limit points of the set {f nv1+mv2(x), n,m ∈ Z} does not depend on x ∈ I and v1, v2 ∈ V such that
f v1 and f v2 are iteratively incommensurable. Moreover, either LF = clI or LF is a perfect and nowhere dense set.
We call an iteration group F = {f v : I −→ I, v ∈ V } dense if it is strictly disjoint and LF = clI .
Lemma 4 (See Theorem 1 in [11]). If {f v : I −→ I, v ∈ V } is a dense iteration group, then there exist a homeomorphism
ϕ : I −→ R and an additive function c : V −→ R such that
f v(x) = ϕ−1(ϕ(x)+ c(v)), x ∈ I, v ∈ V . (2)
Lemma 5. If {f v : I −→ I, v ∈ V } is a dense iteration group, then there exist an increasing homeomorphism ϕ : I −→ R and
an additive one-to-one function c : V −→ R such that (2) holds.
Proof. The existence of an increasing homeomorphism ϕ : I −→ R and an additive function c : V −→ R satisfying (2)
follows from Lemma 4. In order to prove that the mapping c is injective, fix v1, v2 ∈ V such that c(v1) = c(v2). Then, by (2),
we have f v1 = f v2 , and Lemma 1 now shows that v1 = v2. 
A dense iteration groupF = {f v : I −→ I, v ∈ V } is said to be non-singular if the function c from Lemma 5 is surjective.
3. Results
Our first theorem generalizes some outcomes from [12]. Before we formulate it, recall that a mapping f : I −→ I is
topologically conjugate to a translation if there are a homeomorphism h : I −→ R and a translation t : R −→ R such that
h ◦ f = t ◦ h.
Theorem 1. If F = {f v : I −→ I, v ∈ V } is a dense iteration group and a function g : I −→ I is continuous at least at one
point and commutes with two mappings f a, f b ∈ F such that ba is irrational, then g is topologically conjugate to a translation. If,
moreover, the iteration group F is non-singular, then g ∈ F .
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Proof. By Lemma5, there exist an increasing homeomorphismϕ : I −→ R and an additive one-to-one function c : V −→ R
such that (2) holds true. Since g commutes with f a, we have
ϕ−1(c(a)+ ϕ(g(x))) = g(ϕ−1(c(a)+ ϕ(x))), x ∈ I.
Hence, putting
ψ := ϕ ◦ g ◦ ϕ−1, (3)
we get
ψ(c(a)+ t) = c(a)+ ψ(t), t ∈ R. (4)
Similarly, from the fact that g commutes with f b we obtain
ψ(c(b)+ t) = c(b)+ ψ(t), t ∈ R. (5)
Next, note that c : V −→ R being an additive one-to-one function is a monomorphism of the vector spaces (V ,Q,+, ·)
and (R,Q,+, ·). Since ba is irrational, the vectors a, b ∈ V are linearly independent, and therefore so are c(a), c(b) ∈ R.
Consequently, c(b)c(a) is irrational.
Since c(b)c(a) is irrational and ψ is continuous at least at one point and satisfies system of Eqs. (4) and (5), Corollary 1 in [1]
shows that there are c0, c1 ∈ R such thatψ(t) = c0+ c1t for t ∈ R. Moreover, from (4) one can conclude that c1 = 1, which
together with (3) yields
g(x) = ϕ−1(ϕ(x)+ c0), x ∈ I.
In the case, when the iteration group F is non-singular, the above equality and (2) show that g ∈ F . 
Next, we prove that if, moreover, f a < id < f b, then the commutativity of g with f a and f b can be replaced by inequalities
(1).
Theorem 2. If F = {f v : I −→ I, v ∈ V } is a dense iteration group and a function g : I −→ I is continuous at least at one
point and satisfies (1) for a, b ∈ V such that ba is irrational and f a < id < f b, then g is topologically conjugate to a translation.
If, moreover, the iteration group F is non-singular, then g ∈ F .
Proof. By Lemma5, there exist an increasing homeomorphismϕ : I −→ R and an additive one-to-one function c : V −→ R
such that (2) holds true. From (1) and (2) it follows that
g(ϕ−1(ϕ(x)+ c(a))) ≤ ϕ−1(ϕ(g(x))+ c(a)), x ∈ I
and
g(ϕ−1(ϕ(x)+ c(b))) ≤ ϕ−1(ϕ(g(x))+ c(b)), x ∈ I.
Defining ψ by (3) and using the fact that ϕ is increasing, we see that
ψ(t + c(a)) ≤ ψ(t)+ c(a), t ∈ R (6)
and
ψ(t + c(b)) ≤ ψ(t)+ c(b), t ∈ R. (7)
Next, note that from the inequality f a < id and equality (2), we have
ϕ−1(ϕ(x)+ c(a)) < x, x ∈ I,
whence c(a) < 0, because the homeomorphism ϕ is increasing. Similarly, id < f b and (2) give 0 < c(b). Since (see the
proof of Theorem 1) c(b)c(a) is irrational and ψ is continuous at least at one point and satisfies system of inequalities (6) and
(7), Theorem 1 in [13] shows that there is a c0 ∈ R such thatψ(t) = t + c0 for t ∈ R. Analysis similar to that in the proof of
Theorem 1 finishes the proof. 
We shall now apply Theorem 1 to prove the following.
Theorem 3. Let F = {f t : I −→ I, t ∈ R} be a non-singular iteration group and assume that G = {g t : I −→ I, t ∈ R} is a
continuous iteration group. If
g t ◦ f t = f t ◦ g t , t ∈ R, (8)
then there exists an additive function C : R −→ R such that g t = f C(t) for t ∈ R.
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Proof. Using induction and (8), we get
gmt ◦ f nt = f nt ◦ gmt , m, n ∈ N, t ∈ R,
and consequently
gws ◦ f s = f s ◦ gws, s ∈ R, w ∈ Q.
Fix s, t ∈ R, s ≠ 0 and let (wn)n∈N be a sequence of rationals such that limn−→+∞wn = ts . Since
gwns ◦ f s = f s ◦ gwns, n ∈ N,
the continuity of f s and the iteration group G gives
g t ◦ f s = f s ◦ g t , s, t ∈ R. (9)
Theorem 1 now shows that for any t ∈ R there is a C(t) ∈ Rwith g t = f C(t). Therefore
f C(s+t) = g s+t = g s ◦ g t = f C(s)+C(t), s, t ∈ R,
and Lemma 1 yields the additivity of C . 
From the proof of Theorem 3, we obtain the following result being a contribution to Schwaiger’s problem concerning
iteration groups which are commuting in pairs (see [1,3]).
Corollary 2. If F = {f t : I −→ I, t ∈ R} is a non-singular iteration group and G = {g t : I −→ I, t ∈ R} is a continuous
iteration group, then (8) implies (9).
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